We present a viscosity approach to the min-max construction of closed geodesics on compact Riemannian manifolds of arbitrary dimension. We also construct counter-examples in dimension 1 and 2 to the ε-regularity in the convergence procedure. Furthermore, we prove the lower semicontinuity of the index of our sequence of critical points converging towards a closed non-trivial geodesic.
Introduction

General Framework
This article intends at motivating the approach developed in [Riv15] in the simpler case of the construction of closed geodesics. We present first the general framework of the kind of problems this method aims at tackling.
Construction of Closed Geodesics
The problem of the construction of closed geodesics on compact manifolds is an ancient problem which has stimulated great developments in the field of calculus of variations, dynamical systems ( [Ban93] , [Fra92] ) and algebraic topology ([Bot82] , [SVP76] ). After the pioneering work of Hadamard ([Had98] ) and Poincaré ([Poi05] ), the first existence results on 2-dimensional spheres equipped with arbitrary metric were obtained by Birkhoff in 1917 ([Bir17] ) and in 1927 for the general case of spheres of higher dimension (we refer to [CM11] for a modern proof). We refer to [Ana06] , [Tai10] and [BM14] for historical developments, and to [Bot82] for a more mathematical treatment of the subject. (1 + σ 2 κ 2 (u))|u|dL 1 .
Of course, we can replace f by the Dirichlet energy, which verifies the Palais-Smale condition : it is a classical way to construct a closed geodesic on compact manifolds (see for instance [Str08] ). However, we are interested in the application of this method to the min-max construction of minimal surfaces, and the Dirichlet energy does not satisfy any more the Palais-Smale condition in dimension 2. Therefore it makes sense to consider first a simpler case, to see if the method works correctly, and where are the difficulties. Indeed, there are three issues that we might encounter.
Firstly, we need to construct an appropriate min-max method, giving a β(0) > 0. Secondly, if {u n } n∈N is a sequence of critical points associated to {E σ } (where {σ n } n∈N is a sequence of positive numbers converging to 0) lim inf
Thirdly, passing to the limit in the Euler-Lagrange equation is delicate, as we loose the estimates on the second derivative.
The first problem can easily be solved, using basic properties of the injective radius of compact manifolds. For the second one, there exist indeed counter-examples, and we use a general technique coming from an article of Michael Struwe ([Str00] ) to construct an "entropic" sequence of critical points, in the sense that E σn (u n ) = β(σ n ), and
Finally, the limiting procedure depends on a quasi-conservation law of the Euler-Lagrange equation, corresponding to the general scheme of Noether theorem (see [Hé96] ).
We are almost in the position of stating our main result. We first recall that the index of a critical point u ∈ W For the definition of admissible sets and of the families of maps A , A 0 , we refer to section 6. * Note that this makes sense thanks of the Sobolev imbedding W 2,2 (S 1 , M ). Proof. The proof is the reunion of theorems 6.4, 7.1, 8.1 and 9.3.
Methods of viscosity were already successfully used in the past in various contexts: in elliptic partial differential equations ( [Str00] ), hyperbolic partial differential equations ( [Tar08] , [Tar79] ) harmonic maps from surfaces ( [SU81] , [Lam06] ), and recently by the second author for free boundary problems ( [DR15] ), Yang-Mills equations ( [MCHY15] ). One general feature in these pieces is the ε-regularity that one can get independently of σ. For example, in [Lam06] , we consider immersions of a Riemannian surface (M 2 , g) into spheres S k (k ∈ N, and k ≥ 2), with
then the ε-regularity means that there exists ε > 0, and δ > 0, such that for all x ∈ M , and r > 0, there exists a constant C = C(r, ε) such that for all σ > 0, for all critical point u σ of E σ , the inequality
implies that for all k ∈ N, for all 0 < α < 1,
and this ensures that the limits of {u σ } σ>0 are smooth, using classical results on the resolution of singularities for harmonic maps (see the references cited in [Lam06] ). One new phenomena is the absence of ε-regularity in this construction, as the following counter-examples shows (see section 10 for the proof). 
Furthermore, there exists a negligible subset N ⊂ S 1 such that {u n (t)} n∈N has no limit point for all
Due to the absence of ε-regularity, we had to exploit quasi-conservation law issued from "almost Noether theorem", in order to apply technics from compensated compactness for getting the strong convergence in (1.2).
Finally, we note that our approach can also be applied for the construction of non-compact manifolds admitting non-trivial closed geodesics thanks of the article of Benci and Giannoni [BG92] .
Analytic and Geometric Preliminaries
Let (M m , g) be a compact Riemannian manifold of dimension m greater than 2, and of class C ν (where ν ≥ 3). We always assume that M is equipped with its Levi-Civita connection ∇ (we refer for definitions in Riemannian geometry to [Pau14] , [Jos11] and [Lee97] , and to [Fed69] for the definitions and notations on measures). Let us recall the definition of Sobolev spaces used in the following. One possible construction is to embed isometrically M into an euclidean space R q (q ∈ N) thanks of Nash isometric embedding theorem, which we can apply here because M is a C ν manifold and ν ≥ 3. In the following, we can suppose that M is a submanifold of R q . Let us denote S 1 = C ∩ {z : |z| = 1}.
Definition 2.1. The Sobolev space W 2,2 (S 1 , M ) is defined as follow
The space of Sobolev immersions W 2,2
Finally, the vector space of tangent vector fields along an immersion u ∈ W 2,2 
Definition 2.3. The covariant derivative along an immersion u ∈ W 2,2 ι (S 1 , M ) induced by the LeviCivita connexion ∇ with be denoted D t when there is no ambiguity on the curve.
We recall that an immersion u : S 1 → M is said to be a geodesic if
First Variation of Energy
is the geodesic curvature, and L 1 is the Lebesgue measure. If σ = 0, then E 0 coincides with the length of curve and we note
We will state and prove some elementary lemmas before we proceed with the derivation of the first and second variations of the energy.
The claim is therefore a simple consequence of Lebesgue's dominated convergence theorem, as
This concludes the proof of the first lemma.
We will now derive formulae for the derivatives of the curvature and other geometric quantities. A variation of a curve u ∈ W 2,2
is an open interval of R containing 0, and γ(0, ·) = u, and for all s ∈ I, γ(s, ·) ∈ W 2,2
As a consequence, if X = W 2,2
We denote D t (resp. D s ) the covariant derivative along the curve t → γ(·, t) (resp. s → γ(s, ·)). We have the following commutation result.
Lemma 3.2. Under the afore mentioned hypothesis, we have
D t ∂ s γ(s, t) = D s ∂ t γ(s, t) for all (s, t) ∈ I × S 1 ,
and if [· , ·] is the Lie bracket, then
Proof. Let γ = (γ 1 , · · · , γ d ) be the local expression of γ in a local coordinates system. We have
Thanks of the defining properties of a connexion, we have
, if suffices now to exchange the index i and j of one of the two preceding lines. The second result is a consequence of the absence of torsion of Levi-Civita connection. As
we deduce that
which completes the proof of the second lemma.
We will denote in the following, if (
We now aim at calculating the first variation of the curvature.
where D t is the covariant derivative along the curve t → γ(·, t). As γ is extensive for s close enough to 0, we have
To simplify notations, let us write
Proposition 3.3. Under the preceding hypothesis, we have the following identities
Proof.
We have
2. Indeed, thanks of lemma 3.2, we have
This calculation ends the proof of the proposition.
Proof. Thanks of the preceding lemmas, if γ is a variation of u such that ∂ s γ| s=0 = v, then we have
So we have the desired result.
If u is a critical point of E σ of at least class C 3 , then
As a consequence (3.2) is equivalent to the following Euler-Lagrange equation
in the distributional sense. According to the forecoming part 7, this equation implies that u is a C ν−1 function.
Second Variation of Energy
We recall that the second variation or Hessian is defined as follows. Let u be a critical point of E σ . For
and this definition is independent of the variation.
Proof. We may then choose a variation γ such that 
We will make constant use of the following identity
which is a direct consequence of 3.3, as R is defined such that
As [γ s , γ t ] = −αγ t , the preceding equation is equivalent to (4.3).
We shall also use the notations
so in our new notation, this gives
Recall that
We shall now proceed with the calculus of the second derivative of κ 2 . By compatibility of the metric with ∇, we have
We split the computation into four parts.
Recalling that (III) = αD t γ t , one has
According to the defining properties of the Riemannian curvature tensor R, we have
If we parametrise u in arc-length, then
In s = 0, we have
The first term of the second derivative is
We deduce that in s = 0, we have
As D s γ s = 0, at s = 0, the preceding equation is equal to
Finally, we deduce that
which concludes the proof of the proposition.
We will use later the result to investigate the index of the curves in section 9.
Palais-Smale Condition
We recall the definition of the Palais-Smale condition.
Definition 5.1. Let X be a Finsler C ν manifold (ν ∈ N ∪ {∞}), and f ∈ C 1 (X). We say that f satisfies the Palais-Smale condition at the level c ∈ R if for every sequence The main result of this section is the following (contained in another closed form in [LS85] ). 
The second hypothesis should be interpreted as
where we recall that
for all n great enough. We may then assume this property for all n ∈ N. As the manifold
Furthermore, the periodicity of u n implies that
We deduce that sup
so the sequence {u n } n∈N is equicontinuous, and likewise
, so according to Arzelà-Ascoli and RellichKondrachov theorems, there exist a subsequence of {u n } n∈N (still denoted {u n } n∈N ), and a function u ∈ W 2,2 (S 1 ) such that
In particular,
Furthermore, assume for one moment that {u n } n∈N is given in normal parametrization, such that
and by uniform convergence of {u n } n∈N towardsu, we have |u|
As (M, g) is a C ν compact manifold, and P is C ν−1 and {u n } n∈N is bounded in W 1,∞ (S 1 , M ). This ensures the existence of a constant C > 0 independent of n ∈ N such that
We can estimate (5.8) as follows:
Finally, the metric g is C ν , so the (3, 1)-curvature tensor R is C ν−2 , its components are bounded on the compact manifold (M, g) in the following sense: if we write
, then R L ∞ (M) < ∞, and
The first member of (5.7) is equal to
We finally deduce that
so thanks of (5.5) lim
This concludes the proof of the theorem.
Min-Max Construction of Adapted Sequence of Critical Points
We aim in this section as constructing a sequence of critical points {u n } n∈N associated to {σ n } n∈N , where {σ n } n∈N is a sequence of positive numbers converging to 0, such that
The principle of proof is adapted from a result of Michael Struwe (see [Str00] ). 
is continuous.
We now fix an admissible set
We then define the family A 0 ∈ P * (W 2,2
where for all A ∈ A ,
We remark that if ϕ is an homeomorphism of W 2,2
We now observe that
To prove this claim, remark that for all σ > 0,
and β is increasing, so the claim is proved.
As β is monotone, Lebesgue theorem ensures that this real function is differentiable L 1 almost everywhere. In particular,
Let us argue by contradiction. If δ > 0, then for all σ > 0 small enough, we have
which gives the contradiction.
These observations allow to introduce the following definition.
Definition 6.2. Let σ > 0 a fixed positive real number. We say that the function β satisfies the entropy condition at a point σ if it is differentiable at σ and
A formal derivation under the min-max would give a sequence of positive {σ n } n∈N converging to 0, and a sequence of critical points {u n } n∈N associated to {σ n } n∈N , such that
which in turn would imply that
The preceding intuition can be made rigourous thanks of the following proposition.
Proposition 6.3. There exists a constant C = C(β(0)), such that for all 0 < σ ≤ C(β(0)) for which β satisfies the entropy condition (6.2), there exists a critical point u σ ∈ W 2,2
Step 1 : estimation of the derivative of E σ . Let ε > 0 a positive fixed constant. We consider a sequence {σ n } n∈N strictly decreasing to σ > 0. Let
and
Such a pair (u, A 0 ) always exists, for n large enough. As β is differentiable at σ, we have
for n large enough, from which we deduce that
If u satisfies (6.4), then
so according to the mean value theorem, there exists σ
Step 2: existence of almost Palais-Smale sequences.
We want to show that there exists a sequence {u n } n∈N satisfying (6.4) and such that
We shall be careful to distonguish this condition from the Palais-Smale condition for E σ , but we will show in the next step that it implies Palais-Smale condition for E σ .
We argue by contradiction, supposing the existence of a positive constant δ > 0 such that for all immersion u ∈ W 2,2 ι (S 1 , M ) satisfying (6.4), we have for n large enough
Let X 0 n a pseudo-gradient vector field (see [Str08] .) for E σn , i.e. a locally Lipschitz bounded function X 0 n : W 2,2
Let ψ ∈ D(R) a positive non-decreasing cut-off function such that 0 ≤ ψ ≤ 1, supp ψ ⊂ R + , and ψ = 1 on [1, ∞[. We define 1 for all n ∈ N,
Let ϕ n the global flow associated to
Note that ϕ n is C 1 from respect of the first variable, and that for all t ∈ R + , ϕ
is a locally Lipschitz homeomorphism. We remark that A 0 is invariant under the action of ϕ n , and that for all
We would like to show that t → E σ (ϕ t n (u)) is also decreasing. Consider, u ∈ W 2,2
where L = L(u) (recall that the arclength parametrization where |u| = 1 is possible because our Lagrangian is invariant under diffeomorphism). As a consequence, we have
. Furthermore, the proof of theorem 5.2 (where we prove Palais-Smale condition), shows the existence of a continuous function f M : R * + × R + → R + increasing in each parameter, depending only on (M m , g) such that
so for all u satisfying (6.4),
is uniformly bounded by a positive constant independent of u. We deduce that
Now we can estimate the derivative of t → E σ (ϕ t n (u)) as follows :
For all n ∈ N, let us a fix an element A n ∈ A 0 such that
For all u ∈ A n , the map t → E σn (ϕ t n (u)) is decreasing, so for all t ≥ 0, according to (6.8),
By invariance of A 0 under the action of the semi-flow {ϕ t n } t≥0 , for all t ≥ 0, we define
and B An (t) is attained only at points u t n = ϕ t n (u) satisfying (6.4), and for such a u t n , we have
Furthermore,
so if we choose ε = 8σ log 1 σ −1
, as β satisfies the entropy condition (6.2) at σ, we have
. Therefore, for all σ ≤ C(β(0)), and n large enough such that 8(σ n − σ) ≤ 1, we have ψ n (u t n ) = 1, so thank of (6.10), if n is large enough,
so for t large enough, B An (t) < β(σ), contradicting the definition of β(σ).
Step 3: convergence and conclusion. 
In particular, thanks of (6.4), we have
We now come to the main result of this section.
Theorem 6.4. There exists a sequence {σ n } n∈N of positive numbers converging to 0, and a sequence of critical points {u n } n∈N of {E σn } n∈N such that
Proof. Choosing a sequence {σ n } n∈N converging to 0 such that for all n ∈ N, the function β satisfies the entropy condition (6.2) at σ n (which is possible as β is differentiable L 1 almost everywhere and satisfies (6.1)), the theorem is now an easy consequence of the preceeding proposition. 
Limiting Procedure
and a closed non-trivial geodesic u : S 1 → M such that {u n } n∈N converges to u strongly in L ∞ (S 1 , M ) and {u n } n∈N converge tou almost everywhere.
Proof.
Step 1: quasi-conservation law and length convergence.
Let {u n } n∈N a sequence given by the theorem 6.4, in arc-length parametrization. We define, for all n ∈ N, L n = L(u n ). Let {v n } n∈N defined by
A priori, v n belongs to the dual of W 2,2 un (S 1 , T M ). However, thanks of (3.3), we have
un (S 1 , T M ), and
as |u n | = 1, so 0 = 2 D tun ,u n , and we have
We deduce that
which in turn implies that
On the other hand,
And we get
Step 2 : weak convergence
The sequence {u n } n∈N is bounded in W 1,∞ (S 1 , M ), as (M, g) is compact, and {L n } n∈N is bounded. Therefore, Arzelà-Ascoli and Banach-Alaoglu, imply that we can extract a subsequence from {u n } n∈N (which is still denoted {u n } n∈N ), such that {u n } n∈N in L ∞ and weakly-* to a function u ∈ W 1,∞ ([0, L], M ). In particular {u n } n∈N converges almost everywhere tou, for all interval I such that for n large enough,
and according to (7.2),
Furthermore, as |u n | = 1, and {u n } n∈N converges almost everywhere tou so |u| ≤ 1. According to (7.4), |v| ≤ 1, so thanks of Cauchy-Schwarz inequality, we have |u| = 1, and |v| = 1. We deduce that
Step 3: limiting equation.
We wish now to pass to the limit in the Euler-Lagrange equation. We need the following technical lemma, stated separetely for the sake of clarity.
Proof of lemma (7.2). If n is a normal vector field to M , the orthogonal projection P (u n ) :
and P is C ν−1 (and ν − 1 ≥ 2), so there exist a constant C independent of n such that
which completes the proof of the lemma.
For all σ > 0, define
As for all n ∈ N, u n is a critical point of E σn , we have
where I is the second fundamental form of the immersion u :
, and by a immediate bootstrap argument, we get that actually
We conclude that u is a non-trivial closed geodesic of length β(0) > 0. Proof. According to Hurewicz theorem, if M is a compact manifold, and π 1 (M ) = 1 (otherwise, we can minimize directly on a non-trivial homotopy class), then if k is an integer such that
Admissible Family Construction
We may assume that f is of class C ν , because according to Whitney theorem, every continuous map between manifolds is homotopic to a regular map (see [Hir76] , [Whi57] ). On S k let us consider the following classical sweepout
the circle defined by (8.1). Then for all but finitely t ∈ [0, 1] k−1 , u t is an immersed curve. We define
where Homeo 0 (W 
which concludes the proof of the theorem.
Lower Semi-Continuity of the Index
Motivating by the construction by a min-max viscosity method of minimal surfaces of given index, we aim at proving here that the index of the constructed curves in lower semi-continuous.
Definition 9.1. Let σ ≥ 0, and u a critical point of E σ . The index of u, noted Ind(u) ∈ N ∪ {∞}, is equal to the dimension of the larger subspace of W 2,2 u (S 1 , T M ), on which the second derivative D 2 E σ (u) (defined by (4.1)) is negative semi-definite.
The proof of the index lower semi-continuity will be an easy consequence of the following lemma.
Lemma 9.2. Let {σ n } n∈N a sequence of positive real numbers converging to 0. If {u n } n∈N is a sequence of critical points associated to
Proof. The hypothesis implies that {v n } n∈N is bounded in L ∞ (S 1 , M ), and in W 1,2 (S 1 , M ). Furthermore, theorem 7.1 shows that
for all 1 ≤ p < ∞ according to Lebesgue's dominated convergence theorem.
All estimates are elementary, using only Cauchy-Schwarz inequality, and otherwise, R being a C ν−2
We write
We estimate the other terms as following.
Finally, the unit vector sequence {u n } n∈N converge almost everywhere tou (which is also a unit vector), so we can apply Lebesgue's dominated convergence theorem to get
which completes the proof of the lemma. 
u (S 1 , T M ), and P (u n ) is the orthogonal projection R q → T un M , if v n = P (u n ), la suite {v n } n∈N thanks of lemma 7.2, {v n } n∈N satisfies the hypothesis of lemma 9.2. If
This implies that
Counter-examples
Counter-examples in Dimension 1
Let (M 2 , g) a compact C 3 Riemannian surface of constant Gauss curvature K M ∈ R (which is just equal to the sectional curvature in our convention). Let σ > 0, and u σ a critical point of E σ . We know that u is C 2 and satisfies (10.1)
Let ν a normal vector to the curve u, et k the signed curvature, defined as
As D tu ,u = 0, k is well-defined. Moreover, Frénet equations in dimension 2 imply that
Taking the scalar product with ν, we get
We can explicitly solve this equation thanks of Jacobi elliptic functions (see [LS84] , [BF71] ).
and Jacobi elliptic functions sn, cn and dn as
The functions sn, cn, are 4K -periodic, and dn is 2K -periodic. If we write sn p = sn(·, p),
The function t → u(t) = a dn(bt, p), u is a solution of the differential equation
If {σ n } n∈N is a sequence of positive numbers converging to 0 such that
which give a family of counter-examples, as we will see in next section.
Explicit Counter-example on S 2
The goal of this section is to prove the following result. 
Proof. The shortest closed geodesics on S 2 equipped with the standard metric are of length π (the great circles). We choose p = 0 in and define
then |u σ | = 1, and on S 2 ,
and u σ is a critical point of E σ for all σ > 0. And for all {σ n } n∈N converging to 0,
and as
where m(σ) is an arbitrary integer. So if we choose
and according to Riemann-Lebesgue lemma, {u n } n∈N converges weakly in L 2 tou, and if we consider {u n } n∈N as a sequence of functions on R (by periodicity), for all t ∈ R/Q, {u n (t)} n∈N has no limit point (as for all α ∈ R/Q, {cos(nα)} n∈N and {sin(nα)} n∈N are dense in [−1, 1]). So finally, we have
and for all open interval
which concludes the proof of the proposition. 
Surfaces of Constant Gauss
Proof. We fix 0 ≤ p < 1 is fixed, and recall that K M ∈ R is the Gauss curvature. We consider a sequence {u n } n∈N of critical points of {E σn } n∈N given by (10.4), where we chose {σ n } n∈N and {m(σ n )} n∈N such that
The sequence {u n } n∈N is bounded in W 1,2 (S 1 , M ), so we can extract a subsequence (still denotes {u n } n∈N ) strongly converging in L ∞ (S 1 , M ), and weakly converging in
and {u n } n∈N is in arc-length parametrization, so
Furthermore, we have
We prove this assertion by contradiction. If we have the equality in 10.7, then {u n } n∈N converges almost everywhere tou, and in particular,
and u ∈ W 2,2 ι (S 1 , M ), as we can pass to the limit in the arlength expression |u n | = 1. Thanks of the proof of theorem, for all v ∈ W 2,2
and is a sequence of continuous functions, while σ 2 n κ 2 (u n ) n∈N converges weakly in L 2 to 1. Indeed,
and the last term converges weakly in L 2 to 0 according to Riemann-Lebesgue theorem. So we can pass to the limit in (10.8) to find that
so u is a closed geodesic. As we have chosen {σ n } n∈N , and {m(σ n }) such that
so u is a non-trivial closed geodesic of length strictly inferior that the length of the shortest closed geodesic, which yields the desired contradiction. Finally as 0 ≤ p < 1, and
this completes the proof of the proposition.
General Surfaces
In the case of a general surface, we get k σ (t) = σ 2 2k σ (t) + k 
Counter-examples in Dimension 2
Thanks of an article of Pinkall (see [Pin85] ), if u is a critical point of E σ , then thanks of the Hopf fibration, we can create an Hopf torus which is a critical point of the Willmore energy. We will take slightly different conventions than the article of Pinkall. Let p : S 3 → S 2 the map defined by p(w, z) = (|w| 2 − |z| 2 , 2wz)
for all (w, z) ∈ S 3 , where S 3 = C 2 ∩ (w, z) : |w| 2 + |z| 2 = 1
We recall that p is surjective, and we see that it is invariant by the action of S 1 by rotation. It will be convenient for computations to use quaternions for writing Hopf fibration. Le q →q is the quaternionic automorphism such that q leaves 1, j and k unchanged, and which sends i to −i. It is easy to verify that the Hopf fibration is given by 
t) = λ(t)Γ(t)
as λ is orthogonal to e iθ for all θ ∈ S 1 , so λ ∈ Span(j, k). To produce the counter-example, we now proceed with the derivation of the mean curvature of the Hopf torus Γ.
We haveγ = 2 ΓλΓ. so |γ| = 2. We should be now careful that γ : [0, 
(t)Γ(t).
If we define the function κ by the formula and if we now write the curvature with the original curve, we get ∂ t n(t, θ) = −2κ(t)∂ t Γ(t, θ) − ∂ θ Γ(t, θ) ∂ θ n(t, θ) = −∂ t Γ(t, θ) (10.11)
The mean curvature is defined as H(t, θ) = 1 2 Tr dn (t, θ) and the Gaussian curvature by
K(t, θ) = det dn(t, θ).
With the new convention about κ, we have H(t, θ) = κ(2t), K(t, θ) = −1.
We now define the Willmore σ-energy, by
is H Φ is a the average of the principal curvature of an immersion Φ from a Riemannian surface Σ in S 3 .
Then Φ is a critical point of Φ if and only if 2H = σ 2 (∆ g H + 2H(H 2 − 2K)) (10.12) if ∆ g is the Laplace operator for the metric g induced by Φ on Σ by the metric of S 3 , and K is the Gauss curvature. As |∂ t Γ| = |∂ θ Γ| = 1, and ∂ t Γ is orthogonal to ∂ θ Γ, we have This last expression is nothing else than (10.1), so Γ is a critical point of W σ if and only if γ is a critical point of E σ . And
(1 + σ 2 κ(2t))dt dθ = πE σ (γ).
Furthermore, the second fundamental form |I| 2 is equal to 2 + 4κ 2 , so
(1 + 2σ 2 + 4σ 2 κ 2 (2t))dtdθ = (1 + 2σ 2 )πE σ ′ (γ), σ ′ = 2σ √ 1 + 2σ 2 .
and as we can show that if |I Γ | 2 depends only of H, Γ is a critical point of A σ if and only if it is a critical point of W σ ′ , every 1-dimension elliptic Jacobi function constructed in the preceding section raises to a critical point of A σ .
